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Why study generalized geometries?

 Given that we came all the way to 
College Station to discuss 

generalized geometries, means no 
need to motivate it

                            



Generalized Geometry gives expressions with natural action of 
U-duality group

Introduction

 Type II sugra on M10 = M4 x M6 
                            

 M6 such that N  =2 effective action in 4D
                            

¥ Kinetic terms : special Kahler and quaternionic moduli spaces  
                            

¥ Potential terms : gravitino mass matrix
                            

equations for vacua
                            

If we turn off RR Þelds - Generalized Complex Geometry -- T-duality                            

 Add RR Þelds - Exceptional Generalized Geometry -- U-duality                            
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¥Require effective theory on M4 to have N=2 susy
  

4D 6D

where ! 1,2
! are four-dimensional spinors of negative chirality, and " 1,2 are never parallel,

and can be parameterised as6

" 1 =

!
#1

+
#̃1

!

"
, " 2 =

!
#̃2

+
#2

!

"
. (3.2)

!
$1

$2

"
= ! 1

! !
!

#1
+

0

"
+ ! 2

! !
!

0
#2

!

"
+ c.c. (3.3)

!
$1

$2

"
= ! 1

! !
!

#1
+

#̃1
!

"
+ ! 2

! !
!

#̃2
+

#2
!

"
+ c.c. (3.4)

A = 1, ..., 12

m = 1, ..., 6

" 1 " SU(8)

" 1

A nowhere vanishing spinor " defines an SU(7) # SU(8) structure. The pair (" 1, " 2)
defines an SU(6) structure. We can use the SU(2)R freedom to orthonormalize the
spinors, i.e require

"̄ I " J = %I
J . (3.5)

where I = 1, 2 is a fundamental SU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the following SU(2)R

singlet and triplet combinations

& = $IJ " I " J , Ka =
1

2
' aI

J " I "̄ J (3.6)

[MG: dilaton?] . These are the E7 structures that play the role of the generalized
almost complex structures ! + and ! ! . They belong respectively to the 28 and 63
representations of SU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions 56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

& =
#
$IJ " I ! " J " , $IJ " I "

! " J "
"

$
Ka =

#
1
2' aI

J " I ! "̄ J " , 0, 0
$

. (3.7)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.2), we get

& =

%
" ! + s(" ! ) ! + $ s(!̃ + )

$ s(!̄ + ) + ¯̃! + "̄ #! + s("̄ #! )

&

(3.8)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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where ! 1,2
− are four-dimensional spinors of negative chirality, and" 1,2 are never parallel,

and can be parameterised as6

" 1 =
(

#1
+

÷#1
−

)
, " 2 =

(
÷#2

+
#2
−

)
. (3.2)

(
$1

$2

)
= ! 1

− !
(

#1
+

0

)
+ ! 2

− !
(

0
#2
−

)
+ c.c. (3.3)

(
$1

$2

)
= ! 1

− !
(

#1
+

÷#1
−

)
+ ! 2

− !
(

÷#2
+

#2
−

)
+ c.c. (3.4)

A = 1, ..., 12

m = 1, ..., 6

" 1 " SU(8)

" 2

A nowhere vanishing spinor" deÞnes anSU(7) # SU(8) structure. The pair (" 1, " 2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø" I " J = %I
J . (3.5)

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

& = $IJ " I " J , K a =
1
2

' aI
J " I ø"J (3.6)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! −. They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

& =
(
$IJ " I ! " J " , $IJ " I ∗

! " J ∗
"

)
K a =

(
1
2' aI

J " I ! ø"J " , 0, 0
)

. (3.7)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.2), we get

& =

(
" − + s(" −) ! + $ s( ÷! + )

$ s( ø! + ) + ø÷! + ø" ′− + s( ø" ′−)

)
(3.8)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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"

SU(8)
(local group)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ#I! #J" , "IJ#I"

! #J"
"

"
K a =

!
1
2$aI

J#I! ø#J" , 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

#I

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = %1
+ ÷%2 

± , " #± = ÷%1
+ %2 

± (3.11)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷%1 =
÷%2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU(6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) " SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
contain the bilinear one and Þve- forms between%I and ÷%J . The full expression for! in
SL(2, R) " GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2

K + =
%

" + ! !

ø÷! ! ø" #+

&
, K ! =

%
s( ø" + ) ! s( ÷! ! )

! s( ø! ! ) s( ø" #+ )

&
, (3.12)

where" + and " #+ are deÞned in (3.11), while forK 3 we get

K 3 =

#
! +

1 ! ÷! +
2 " !

1 + s(" !
2 )

! s( ø" !
1 ) ! ø" !

2
ø÷! +

1 ! ø! +
2

$

where we have deÞned

! +
1 = %1

+ %1 
+ , ! +

2 = %2
+ %2 

+ , " !
1 = %1

+ ÷%1 
! , (3.13)

÷! +
1 = ÷%1

+ ÷%1 
+ , ÷! +

2 = ÷%2
+ ÷%2 

+ , " !
2 = %2

+ ÷%2 
! .

We see thatK + contains the two pure spinors! ! and ÷! ! , which appear as independent
degrees of freedom (unlike! + and ÷! + in ! ), as well as two even pure spinors" + and
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3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

! " $1 + #2
! " $2 + c.c. (3.1)

where#1,2
! are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
!

! 1
+

÷! 1
!

"
, $2 =

!
÷! 2

+
! 2

!

"
. (3.2)

!
"1

"2

"
= #1

! "
!

! 1
+

0

"
+ #2

! "
!

0
! 2

!

"
+ c.c. (3.3)

!
"1

"2

"
= #1

! "
!

! 1
+

÷! 1
!

"
+ #2

! "
!

÷! 2
+

! 2
!

"
+ c.c. (3.4)

"1 = #1
! " ! 1

+ + c.c.

"2 = #2
! " ! 2

! + c.c.

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

A nowhere vanishing spinor$ deÞnes anSU(7) $ SU(8) structure. The pair ($1, $2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø$I $J = %I
J . (3.5)

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

& = "IJ $I $J , K a =
1
2

' aI
J $I ø$J (3.6)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

! " $1 + #2
! " $2 + c.c. (3.1)

where#1,2
! are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
!

! 1
+

÷! 1
!

"
, $2 =

!
÷! 2

+
! 2

!

"
. (3.2)

!
"1

"2

"
= #1

! "
!

! 1
+

0

"
+ #2

! "
!

0
! 2

!

"
+ c.c. (3.3)

!
"1

"2

"
= #1

! "
!

! 1
+

÷! 1
!

"
+ #2

! "
!

÷! 2
+

! 2
!

"
+ c.c. (3.4)

"1 = #1
! " ! 1

+ + c.c.

"2 = #2
! " ! 2

! + c.c.

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

A nowhere vanishing spinor$ deÞnes anSU(7) $ SU(8) structure. The pair ($1, $2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø$I $J = %I
J . (3.5)

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

& = "IJ $I $J , K a =
1
2

' aI
J $I ø$J (3.6)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structuresΦ+ and Φ! . They belong respectively to the28 and 63

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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:

3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

(
"1

"2

)
= #1

− " $1 + #2
− " $2 + c.c. (3.1)

where#1,2
− are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
(

! 1
+

÷! 1
−

)
, $2 =

(
÷! 2

+
! 2
−

)
. (3.2)

(
"1

"2

)
= #1

− "
(

! 1
+

0

)
+ #2

− "
(

0
! 2
−

)
+ c.c. (3.3)

" = #I " $I

(
"1

"2

)
= #1

− "
(

! 1
+

÷! 1
−

)
+ #2

− "
(

÷! 2
+

! 2
−

)
+ c.c. (3.4)

"1 = #1
− " ! 1

+ + c.c.

"2 = #2
− " ! 2

− + c.c.

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

$1 =
(

! 1
+
0

)
, $2 =

(
0

! 2
−

)
. (3.5)

A nowhere vanishing spinor$ deÞnes anSU(7) $ SU(8) structure. The pair ($1, $2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø$I $J = %I
J . (3.6)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

! " $1 + #2
! " $2 + c.c. (3.1)

where#1,2
! are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
!

! 1
+

÷! 1
!

"
, $2 =

!
÷! 2

+
! 2

!

"
. (3.2)

!
"L

"R

"
= #1

! "
!

! 1
+

0

"
+ #2

! "
!

0
! 2

!

"
+ c.c. (3.3)

" = #I " $I

!
"L

"R

"
= #1

! "
!

! 1
+

÷! 1
!

"
+ #2

! "
!

÷! 2
+

! 2
!

"
+ c.c. (3.4)

"1 = #1
! " ! 1

+ + c.c.

"2 = #2
! " ! 2

! + c.c.

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

$1 =
!

! 1
+
0

"
, $2 =

!
0

! 2
!

"
. (3.5)

A nowhere vanishing spinor$ deÞnes anSU(7) $ SU(8) structure. The pair ($1, $2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø$I $J = %I
J . (3.6)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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SU(6) # SU(8) 

Topological condition

On-shell SUSY:$!  / 

! ε" m = 0 δ! λ = 0,
Differential condition
integrability of structure 

Off-shell SUSY:$! 1,2

structure

M10 = M4 x M6

allows study of 
moduli spaces



3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

! " $1 + #2
! " $2 + c.c. (3.1)

where#1,2
! are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
!

! 1
+

÷! 1
!

"
, $2 =

!
÷! 2

+
! 2

!

"
. (3.2)

!
"1

"2

"
= #1

! "
!

! 1
+

0

"
+ #2

! "
!

0
! 2

!

"
+ c.c. (3.3)

!
"1

"2

"
= #1

! "
!

! 1
+

÷! 1
!

"
+ #2

! "
!

÷! 2
+

! 2
!

"
+ c.c. (3.4)

"1 = #1
! " ! 1

+ + c.c.

"2 = #2
! " ! 2

! + c.c.

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

A nowhere vanishing spinor$ deÞnes anSU(7) $ SU(8) structure. The pair ($1, $2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø$I $J = %I
J . (3.5)

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

& = "IJ $I $J , K a =
1
2

' aI
J $I ø$J (3.6)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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"  28 # 56

SU(8) E7

"  63# 133

where I = 1, 2 is a fundamental SU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the following SU(2)R

singlet and triplet combinations

! = "IJ #I #J , K a =
1

2
$aI

J #I #̄J (3.7)

[MG: dilaton?]. These are the E7 structures that play the role of the generalized
almost complex structures ! + and ! ! . They belong respectively to the 28 and 63
representations of SU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions 56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ #I ! #J " , "IJ #I "

! #J "
"

"
K a =

!
1
2$aI

J #I ! #̄J " , 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s(!̃ +)

! s(!̄ +) + ¯̃! + "̄ #! + s("̄ #! )

$

(3.9)

! =

%
0 ! +

!̄ + 0

&
(3.10)

#I

where !̃ + is defined in an analogous way as ! +, Eq. (2.7), the operation s is intro-
duced in (2.10), and we have defined

" ± = %1
+%̃2 

± , " #± = %̃1
+%2 

± (3.11)

(" + is defined for later use). For the particular SU(6) structure corresponding to %̃1 =
%̃2 = 0, the bispinor ! is given purely in terms of ! +. In a generic SU(6) structure,
! combines two even pure spinors ! + and !̃ + and is therefore a natural candidate to
describe N = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2,12) of O(6, 6) " SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
contain the bilinear one and five- forms between %I and %̃J . The full expression for ! in
SL(2, R) " GL(6, R) indices is given in Appendix D.

Using (3.5) we get for K ± = K 1 ± iK 2

K + =

%
" + ! !

¯̃! ! "̄ #+

&
, K ! =

%
s("̄ +) ! s(!̃ ! )

! s(!̄ ! ) s("̄ #+)

&
, (3.12)

where " + and " #+ are defined in (3.11), while for K 3 we get

K 3 =

#
! +

1 ! !̃ +
2 " !

1 + s(" !
2 )

! s("̄ !
1 ) ! "̄ !

2
¯̃! +

1 ! !̄ +
2

$
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where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

! = "IJ #I #J , K a =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ #I ! #J " , "IJ #I "

! #J "
"

"
K a =

!
1
2$aI

J #I ! ø#J " , 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

#I

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = %1
+ ÷%2 

± , " #± = ÷%1
+ %2 

± (3.11)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷%1 =
÷%2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU(6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) " SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
contain the bilinear one and Þve- forms between%I and ÷%J . The full expression for! in
SL(2, R) " GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2

K + =
%

" + ! !

ø÷! ! ø" #+

&
, K ! =

%
s( ø" + ) ! s( ÷! ! )

! s( ø! ! ) s( ø" #+ )

&
, (3.12)

K + = K 1 + iK 2

%
0 ! !

0 0

&
(3.13)

where" + and " #+ are deÞned in (3.11), while forK 3 we get

K 3 =

#
! +

1 ! ÷! +
2 " !

1 + s(" !
2 )

! s( ø" !
1 ) ! ø" !

2
ø÷! +

1 ! ø! +
2

$

10

vector multiplets hyper multiplets

Relevant algebraic structures: spinor bilinears

SU(2)R singlet SU(2)R triplet

3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

! " $1 + #2
! " $2 + c.c. (3.1)

where#1,2
! are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
!

! 1
+

÷! 1
!

"
, $2 =

!
÷! 2

+
! 2

!

"
. (3.2)

!
"L

"R

"
= #1

! "
!

! 1
+

0

"
+ #2

! "
!

0
! 2

!

"
+ c.c. (3.3)

" = #I " $I

!
"L

"R

"
= #1

! "
!

! 1
+

÷! 1
!

"
+ #2

! "
!

÷! 2
+

! 2
!

"
+ c.c. (3.4)

"1 = #1
! " ! 1

+ + c.c.

"2 = #2
! " ! 2

! + c.c.

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

$1 =
!

! 1
+
0

"
, $2 =

!
0

! 2
!

"
. (3.5)

A nowhere vanishing spinor$ deÞnes anSU(7) $ SU(8) structure. The pair ($1, $2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø$I $J = %I
J . (3.6)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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where ! 1,2
! are four-dimensional spinors of negative chirality, and " 1,2 are never parallel,

and can be parameterised as6

" 1 =

!
#1

+
#̃1

!

"
, " 2 =

!
#̃2

+
#2

!

"
. (3.2)

!
$1

$2

"
= ! 1

! !
!

#1
+

0

"
+ ! 2

! !
!

0
#2

!

"
+ c.c. (3.3)

!
$1

$2

"
= ! 1

! !
!

#1
+

#̃1
!

"
+ ! 2

! !
!

#̃2
+

#2
!

"
+ c.c. (3.4)

A = 1, ..., 12

m = 1, ..., 6

" 1 " SU(8)

" 1

A nowhere vanishing spinor " defines an SU(7) # SU(8) structure. The pair (" 1, " 2)
defines an SU(6) structure. We can use the SU(2)R freedom to orthonormalize the
spinors, i.e require

"̄ I " J = %I
J . (3.5)

where I = 1, 2 is a fundamental SU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the following SU(2)R

singlet and triplet combinations

& = $IJ " I " J , Ka =
1

2
' aI

J " I "̄ J (3.6)

[MG: dilaton?] . These are the E7 structures that play the role of the generalized
almost complex structures ! + and ! ! . They belong respectively to the 28 and 63
representations of SU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions 56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

& =
#
$IJ " I ! " J " , $IJ " I "

! " J "
"

$
Ka =

#
1
2' aI

J " I ! "̄ J " , 0, 0
$

. (3.7)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.2), we get

& =

%
" ! + s(" ! ) ! + $ s(!̃ + )

$ s(!̄ + ) + ¯̃! + "̄ #! + s("̄ #! )

&

(3.8)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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where ! 1,2
− are four-dimensional spinors of negative chirality, and" 1,2 are never parallel,

and can be parameterised as6

" 1 =
(

#1
+

÷#1
−

)
, " 2 =

(
÷#2

+
#2
−

)
. (3.2)

(
$1

$2

)
= ! 1

− !
(

#1
+

0

)
+ ! 2

− !
(

0
#2
−

)
+ c.c. (3.3)

(
$1

$2

)
= ! 1

− !
(

#1
+

÷#1
−

)
+ ! 2

− !
(

÷#2
+

#2
−

)
+ c.c. (3.4)

A = 1, ..., 12

m = 1, ..., 6

" 1 " SU(8)

" 2

A nowhere vanishing spinor" deÞnes anSU(7) # SU(8) structure. The pair (" 1, " 2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø" I " J = %I
J . (3.5)

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

& = $IJ " I " J , K a =
1
2

' aI
J " I ø"J (3.6)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! −. They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

& =
(
$IJ " I ! " J " , $IJ " I ∗

! " J ∗
"

)
K a =

(
1
2' aI

J " I ! ø"J " , 0, 0
)

. (3.7)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.2), we get

& =

(
" − + s(" −) ! + $ s( ÷! + )

$ s( ø! + ) + ø÷! + ø" ′− + s( ø" ′−)

)
(3.8)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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For

3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

(
"1

"2

)
= #1

− " $1 + #2
− " $2 + c.c. (3.1)

where#1,2
− are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
(

! 1
+

÷! 1
−

)
, $2 =

(
÷! 2

+
! 2
−

)
. (3.2)

(
"L

"R

)
= #1

− "
(

! 1
+

0

)
+ #2

− "
(

0
! 2
−

)
+ c.c. (3.3)

" = #I " $I

÷! 1 = ÷! 2 = 0

(
"L

"R

)
= #1

− "
(

! 1
+

÷! 1
−

)
+ #2

− "
(

÷! 2
+

! 2
−

)
+ c.c. (3.4)

"1 = #1
− " ! 1

+ + c.c.

"2 = #2
− " ! 2

− + c.c.

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

$1 =
(

! 1
+
0

)
, $2 =

(
0

! 2
−

)
. (3.5)

A nowhere vanishing spinor$ deÞnes anSU(7) $ SU(8) structure. The pair ($1, $2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø$I $J = %I
J . (3.6)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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(standard N =2 ansatz) 

For

3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup is O(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group is SU(8). We can combine the two ten-dimensional
supersymmetry parameters such that the SU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

! " $1 + #2
! " $2 + c.c. (3.1)

where #1,2
! are four-dimensional spinors of negative chirality, and $1,2 are never parallel,

and can be parameterised as6

$1 =

!
! 1

+

!̃ 1
!

"
, $2 =

!
!̃ 2

+

! 2
!

"
. (3.2)

!
"L

"R

"
= #1

! "
!

! 1
+

0

"
+ #2

! "
!

0
! 2

!

"
+ c.c. (3.3)

" = #I " $I

!̃ 1 = !̃ 2 = 0

! ± = ! 1
+ !̄ 2

±

! + = ! 1
+ !̄ 2

+

!
"L

"R

"
= #1

! "
!

! 1
+

!̃ 1
!

"
+ #2

! "
!

!̃ 2
+

! 2
!

"
+ c.c. (3.4)

"1 = #1
! " ! 1

+ + c.c.

"2 = #2
! " ! 2

! + c.c.

=
#

(! 2 
± %mk ...i1 ! 1

± )%i1 ...mk

A = 1, ...,12

m = 1, ...,6

$1 # SU(8)

$2

! 1 = ! 2

$1 =

!
! 1

+

0

"
, $2 =

!
0

! 2
!

"
. (3.5)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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(CY)

is maximal (here árefers to the Cli! ord action X á" = X A #A " ). The one-to-one corre-
spondence is then1

J ! " , if LJ = L! . (2.5)

One can construct the GACS from the spinor by

J ± A
B = i

!
"̄ ± , #A

B " ±
"

!
" ± , "̄ ±

" , (2.6)

Weyl pure spinors of O(6, 6) can be built by tensoring two O(6) spinors (! 1, ! 2) as follows

" + = ! 1
+ ! 2 

+ , " ! = ! 1
+ ! 2 

! (2.7)

where the plus and minus refers to chirality. Using Fierz identites, these can be expanded
as

! 1
± ! 2 

± =
1

8

6#

k=0

1

k!
(! 2 

± " mk ...i 1!
1
± )" i 1...m k . (2.8)

Using the isomorphism between the spinor bundle and the bundle of di! erential forms
(often referred to as Cli! ord map):

Am1...m k " m1...m k "# Am1...m k dxm1 $ á á á$ dxmk (2.9)

the spinor bilinears (2.8) can be mapped to a sum of forms. Under this ismorphism, the
inner product of spinors " # is mapped to the following action on forms, called the Mukai
pairing

%" , #&= (" $ s(#))6, where s(#) = (' )Int[ n/ 2]# (2.10)

and the subindex 6 means the six-form part of the wedge product.

For Weyl spinors, the corresponding forms are only even (odd) for a positive (negative)
chirality O(6, 6) spinor. In the special case where ! 1 = ! 2 ( ! , familiar from the case of
Calabi-Yau compactifications, we get

" + = e! iJ , " ! = ' i$ (2.11)

where J, $ are respectively the symplectic and complex structures of the manifold (more
details are given in section 4.1.1).

Pure spinors can be “rotated” by means of O(6, 6) transformations. Of particular
interest is the nilpotent subgroup of O(6, 6) defined by the generator

B =

$
0 0
B 0

%
, (2.12)

with B an antisymmetric 6) 6 matrix, or equivalently a two-form. On spinors it amounts
to the exponential action

" ± # eB " ± ( " ±
D (2.13)

" ±

" + = eiJ

1The correspondence is actually one-to-many as the norm of the spinor is unÞxed.

5

! ±
D

! ± = ! 1
+! 2 

±

= 4
3J ! J ! J

d! D = d(eB ! ) = eB (d + H ! )!

"! +
D , d! !

D #=

"! +, (d + H ! )! ! #

(! +
D , ! !

D )

d! +
D = 0

d! !
D = i $ F

! 1 = ! 2

eiJ

! ± % e! B ! ± & ! ±
D (2.14)

We will refer to ! as naked pure spinor, while! D will be called dressed pure spinor. The
pair (! +

D , ! !
D ) deÞnes a positive deÞnite metric on the generalized tangent space, which

in turn deÞnes a positive metric and a two-form (theB Þeld) on the six-dimensional
manifold.

In an analogous way as anO(6) spinor deÞnes anSU(3) structure (i.e., it is invariant
under an SU(3) subgroup ofO(6)), a pure O(6, 6) spinor deÞnes anSU(3, 3) ' O(6, 6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the cosetO(6, 6)/SU (3, 3). Furthermore, twoO(6) spinors which are never parallel, deÞne
an SU(2) structure, which is the intersection of the twoSU(3) structures. Similarly, two
pure spinors, whenever they satisfy the following compatibility condition

"! +, " A ! ! #= 0, A = 1, . . . , 12 , (2.15)

deÞne anSU(3)( SU(3) structure. Pure spinors which are tensor poducts ofO(6) spinors
as deÞned in (2.7) are automatically compatible. Note that the existence of spinors gives
a ÒreÞnementÓ of theO(6) ( O(6) ' O(6, 6) structure deÞned by the pair (g, B). This
can be summarized by means of the following picture

O(6, 6)

compatible (! +, ! ! )

!!

! +

""

! !

##
O(6,6)

SU(3,3)

$$

O(6,6)
SU(3,3)

%%
O(6,6)

SU(3)" SU(3)

This scheme will serve as leading guide for enlarging the analysis in the generalized
exceptional geometrical case.

6

3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup is O(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group is SU(8). We can combine the two ten-dimensional
supersymmetry parameters such that the SU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

! " $1 + #2
! " $2 + c.c. (3.1)

where #1,2
! are four-dimensional spinors of negative chirality, and $1,2 are never parallel,

and can be parameterised as6

$1 =

!
! 1

+
!̃ 1

!

"
, $2 =

!
!̃ 2

+
! 2

!

"
. (3.2)

!
"L

"R

"
= #1

! "
!

! 1
+

0

"
+ #2

! "
!

0
! 2

!

"
+ c.c. (3.3)

" = #I " $I

!̃ 1 = !̃ 2 = 0

! ± = ! 1
+ !̄ 2

±

! + = ! 1
+ !̄ 2

+

!
"L

"R

"
= #1

! "
!

! 1
+

!̃ 1
!

"
+ #2

! "
!

!̃ 2
+

! 2
!

"
+ c.c. (3.4)

"1 = #1
! " ! 1

+ + c.c.

"2 = #2
! " ! 2

! + c.c.

=
#

(! 2 
± %mk ...i 1 ! 1

+ )%i 1...m k

A = 1, ...,12

m = 1, ...,6

$1 # SU(8)

$2

! 1 = ! 2

$1 =

!
! 1

+
0

"
, $2 =

!
0

! 2
!

"
. (3.5)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
"1

"2

"
= #1

− " $1 + #2
− " $2 + c.c. (3.1)

where#1,2
− are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
!

! 1
+

÷! 1
−

"
, $2 =

!
÷! 2

+
! 2
−

"
. (3.2)

!
"L

"R

"
= #1

− "
!

! 1
+

0

"
+ #2

− "
!

0
! 2
−

"
+ c.c. (3.3)

" = #I " $I

÷! 1 = ÷! 2 = 0

! ± = ! 1
+ ø! 2

±

! + = ! 1
+ ø! 2

+

! − = " 3

!
"L

"R

"
= #1

− "
!

! 1
+

÷! 1
−

"
+ #2

− "
!

÷! 2
+

! 2
−

"
+ c.c. (3.4)

"1 = #1
− " ! 1

+ + c.c.

"2 = #2
− " ! 2

− + c.c.

=
#

(! 2 
± %mk ...i 1 ! 1

+ )%i 1...m k

A = 1, ..., 12

m = 1, ..., 6

$1 # SU(8)

$2

! 1 = ! 2

$1 =
!

! 1
+
0

"
, $2 =

!
0

! 2
−

"
. (3.5)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.

9

3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) × O(6), which acts on the pair
(η1, η2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

!
ε1

ε2

"
= ζ1

! ⊗ θ1 + ζ2
! ⊗ θ2 + c.c. (3.1)

where ζ1,2
! are four-dimensional spinors of negative chirality, andθ1,2 are never parallel,

and can be parameterised as6

θ1 =
!

η1
+

÷η1
!

"
, θ2 =

!
÷η2

+
η2

!

"
. (3.2)

!
εL

εR

"
= ζ1

! ⊗
!

η1
+

0

"
+ ζ2

! ⊗
!

0
η2

!

"
+ c.c. (3.3)

ε = ζ I ⊗ θI

÷η1 = ÷η2 = 0

! ± = η1
+ øη2

±

! + = η1
+ øη2

+

! ! = " 3

!
εL

εR

"
= ζ1

! ⊗
!

η1
+

÷η1
!

"
+ ζ2

! ⊗
!

÷η2
+

η2
!

"
+ c.c. (3.4)

ε1 = ζ1
! ⊗ η1

+ + c.c.

ε2 = ζ2
! ⊗ η2

! + c.c.

=
#

(η2 
± γmk ...i 1η

1
+ )γ i 1...m k

∼=
#

(η2 
± γmk ...i 1η

1
+ )dxi 1 ∧ . . . dxmk

A = 1, ..., 12

m = 1, ..., 6

θ1 ∈ SU(8)

θ2

η1 = η2

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to !̃ 1 = !̃ 2 = 0.
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Pure spinors
 of GCG

P+ = ! ! +
D , d! !

D "

P3 = ! ! +
D , F "

θI

Ka = e! ! σaI
J θI θ̄J

where !̃ + is defined in an analogous way as ! + , Eq. (2.7), the operation s is intro-
duced in (2.10), and we have defined

" ± = η1
+ η̃2 

± , " "± = η̃1
+ η2 

± (3.12)

(" + is defined for later use). For the particular SU(6) structure corresponding to η̃1 =
η̃2 = 0, the bispinor λ is given purely in terms of ! + . In a generic SU(6) structure,
λ combines two even pure spinors ! + and !̃ + and is therefore a natural candidate to
describe N = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and five- forms between ηI and η̃J . The full expression for λ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get for K± = K1 ± iK2

K+ =

!
" + ! !

¯̃! ! "̄ "+

"
, K! =

!
s("̄ + ) $ s(!̃ ! )

$ s(!̄ ! ) s("̄ "+ )

"
, (3.13)

K+ = K1 + iK2

!
0 ! !

0 0

"
(3.14)

K+ =

!
0 ! !

0 0

"
(3.15)

DλD |133 = 0

D(raKaD )|56 = 0

Dλ|133 = 0

D(raKa)|56 = 0

D(ωaKa)|56|1,0 = 0

D(eCeB 6eB ¥)

|912

e! B e! B 6e! CDeCeB 6eB

% D + (e! B e! B 6e! CDeCeB 6eB )

where " + and " "+ are defined in (3.12), while for K3 we get

K3 =

#
! +

1 $ !̃ +
2 " !

1 + s(" !
2 )

$ s("̄ !
1 ) $ "̄ !

2
¯̃! +

1 $ !̄ +
2

$
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7

Can be ÒrotatedÓ by g "  E7 

Nilpotent subgroup of Ggeom:
shift symmetries

 carry all information about metric on manifold

3.1 E7 structures as spinor bilinears

The supersymmetry parameters transform under the maximal compact subgroup of the
duality group. In the GCG case, this subgroup isO(6) ! O(6), which acts on the pair
(! 1, ! 2). In EGG, the relevant group isSU(8). We can combine the two ten-dimensional
supersymmetry parameters such that theSU(8) transformation of their internal piece is
manifest. The most general ten-dimensional spinor ansatz relevant to four-dimensional
N = 2 theories is

(
"1

"2

)
= #1

− " $1 + #2
− " $2 + c.c. (3.1)

where#1,2
− are four-dimensional spinors of negative chirality, and$1,2 are never parallel,

and can be parameterised as6

$1 =
(

! 1
+

÷! 1
−

)
, $2 =

(
÷! 2

+
! 2
−

)
. (3.2)

(
"L

"R

)
= #1

− "
(

! 1
+

0

)
+ #2

− "
(

0
! 2
−

)
+ c.c. (3.3)

" = #I " $I

÷! 1 = ÷! 2 = 0

! ± = ! 1
+ ø! 2

±

! + = ! 1
+ ø! 2

+

! − = " 3

%, K

(
"L

"R

)
= #1

− "
(

! 1
+

÷! 1
−

)
+ #2

− "
(

÷! 2
+

! 2
−

)
+ c.c. (3.4)

"1 = #1
− " ! 1

+ + c.c.

"2 = #2
− " ! 2

− + c.c.

=
∑

(! 2†
± &mk ...i 1 ! 1

+ )&i 1...m k

#=
∑

(! 2†
± &mk ...i 1 ! 1

+ )dxi 1 $ . . . dxmk

A = 1, ..., 12

m = 1, ..., 6

$1 %SU(8)

$2

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.

9

E7 O(6,6)SL(2,R) x

133 (3,1) + (1,66) + (2,32)

2.2 Exceptional Generalized Geometry

Exceptional generalized geometry (EGG) [17, 18] is an extension of theO(6, 6) (T-
duality) covariant formalism of generalized geometry to anE7(7) (U-duality) covariant
one, such that the RR Þelds are incorporated into the geometry.

We saw in the previous section that there is a particularO(6, 6) adjoint action (2.12)
corresponding to shifts of the B-Þeld. In EGG, shifts of the B-Þeld a well as shifts of the
sum of internal RR ÞeldsC! = C1 + C3 + C5

2, which transforms as chiralO(6, 6) spinor,
correspond to particularE7 adjoint actions. To form a set of gauge Þelds that is closed
under U-duality, we also have to consider the shift of the six-form dual ofB2, which we
will call ÷B . 3

Decomposing the adjoint133 representation ofE7(7) under O(6, 6) ! SL(2, R), we
have

133 = ( 3, 1) + ( 1, 66) + ( 2, 32") (2.16)

µ = ( µi
j , µA

B , µi ! )

wherei = 1, 2 is a doublet index ofSL(2, R), raised and lowered with! ij , and the O(6, 6)
fundamental indicesA, B = 1, ..., 12 are raised and lowered with the metric" in (2.1).
The B-transform action (2.12) is part ofµA

B , while the C-transformations are naturally
embedded in one of the two32" representations. Let us callvi the SL(2, R) vector pointing
in the direction of the C-Þeld, which we can take without loss of generality to be

vi = (1 , 0) . (2.17)

The GL(6) assignments of the di! erent components shown in Appendix C, indicate that
the shift symmetries are given by the following sum of generators

!
÷Bvi vj ,

!
0 0

" B 0

"
, vi C!

"
# A (2.18)

#
B6 vi vj ,

!
0 0
B 0

"
, vi C!

$
(2.19)

S = B6 + ie! 2!

where vi = ! ij vj . Using (A.4) it is not hard to show that given this embedding we
recover the right commutation relations

%
" B + ÷B + C! , " B " + ÷B " + C!"

&
= 2$C! , C!" % " B & C!" + B " & C! , (2.20)

where the Þrst term on the rhs is a six-form and therefore corresponds to a÷B transfor-
mation and the other two, to an RR shift.

2In this paper we will concentrate on type IIA, but most of the statements can be easily changed to
type IIB by switching chiralities.

3Equivalently these are shifts of the dual axionBµ! .
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pointing along positive root

3.2 Dressing the structures by gauge Þelds

In an analogous way as for the pure spinors, the structures! and K a in the previous
section can be dressed by the action of the gauge ÞeldsB, ÷B and C! in (2.21), i.e. we
deÞne

! D = eCe
÷B e! B ! , K aD = eCe

÷B e! B K a (3.16)

where ! and K a are given in (3.7), and theO(6, 6) ! SL(2, R) and SL(8, R) expressions
of C, ÷B, B are given respectively in (2.21) and (2.27).

! D = eCeB 6 eB !

K aD = eCeB 6 eB K a

! D , K aD

In the GCG case, the B-Þeld twisted pure spinors span the orbitO(6,6)
SU(3,3) ! R+ , where

SU(3, 3) is the stabilizer of the pure spinor and theR+ factor corresponds to the norm.
Quotenting by the C" action ! D " c! D , we get the spaceO(6, 6)/U (3, 3) which is local
Special K¬ahler. Similarly, our EGG structures! D and K aD span orbits in E7 which
are respectively Special K¬ahler and quaternionic. As shown in [12], the structure! D is
stabilized by E6(2) , and the corresponding local Special K¬ahler space isE7

E6(2)
! U(1). As

for the pure spinors, the K¬ahler potential on this space can be constructed using the
analogous of the Hitchin function, namely the square root of the quartic invariant inE7

[12]. The Hitchin functional gives a Hamiltonian vector Þeldö! , that allows to deÞne a
holomorphic element in the56

L = ! + i ö! (3.17)

To make contact with GCG, we note that the complex structure on the56-dimensional
space reduces on the subspacee! B ! and for ÷" I = 0 to the generalized almost complex
structure J + on the vector and spinor spaces, namely

Jλ á# =
!
(J +

D )A
B #iB , exp(1

8$(J +
D )AB " AB ) á#+

"
for ! = (0 , e! B Re! + ) . (3.18)

For this complex structure, the elementL in (3.17) is nothing else than

L = (0 , e! B ! + ) . (3.19)

The triplet K aD is stabilized by anSO" (12) subgroup ofE7, and the corresponding
orbit is the quaternionic space E7

SO! (12)# SU(2) , where theSU(2) factor corresponds to ro-
tations of the triplet. The SO" (12) and E6(2) structures intersect on anSU(6) structure
if ! and K a satisfy the compatibility condition

! K a|56 = 0 , (3.20)

where we have to apply the projection on the56 on the product56! 133. This condition
is automatically satisÞed for the structures (3.7) built up as spinor bilinears.[MGforM:
yes? I get this is true only if spinors are orthogonalized] This is summarized in
the following Þgure

12

3.2 Dressing the structures by gauge Þelds

In an analogous way as for the pure spinors, the structures! and K a in the previous
section can be dressed by the action of the gauge ÞeldsB, ÷B and C! in (2.21), i.e. we
deÞne

! D = eCe
÷B e! B ! , K aD = eCe

÷B e! B K a (3.16)

where ! and K a are given in (3.7), and theO(6, 6) ! SL(2, R) and SL(8, R) expressions
of C, ÷B, B are given respectively in (2.21) and (2.27).

! D = eCeB 6 eB !

K aD = eCeB 6 eB K a

! D , K aD

In the GCG case, the B-Þeld twisted pure spinors span the orbitO(6,6)
SU(3,3) ! R+ , where

SU(3, 3) is the stabilizer of the pure spinor and theR+ factor corresponds to the norm.
Quotenting by the C" action ! D " c! D , we get the spaceO(6, 6)/U (3, 3) which is local
Special K¬ahler. Similarly, our EGG structures! D and K aD span orbits in E7 which
are respectively Special K¬ahler and quaternionic. As shown in [12], the structure! D is
stabilized by E6(2) , and the corresponding local Special K¬ahler space isE7

E6(2)
! U(1). As

for the pure spinors, the K¬ahler potential on this space can be constructed using the
analogous of the Hitchin function, namely the square root of the quartic invariant inE7

[12]. The Hitchin functional gives a Hamiltonian vector Þeldö! , that allows to deÞne a
holomorphic element in the56

L = ! + i ö! (3.17)

To make contact with GCG, we note that the complex structure on the56-dimensional
space reduces on the subspacee! B ! and for ÷" I = 0 to the generalized almost complex
structure J + on the vector and spinor spaces, namely

J! á# =
(
(J +

D )A
B #iB , exp(1

8$(J +
D )AB " AB ) á#+

)
for ! = (0 , e! B Re! + ) . (3.18)

For this complex structure, the elementL in (3.17) is nothing else than

L = (0 , e! B ! + ) . (3.19)

The triplet K aD is stabilized by anSO" (12) subgroup ofE7, and the corresponding
orbit is the quaternionic space E7

SO! (12)# SU(2) , where theSU(2) factor corresponds to ro-
tations of the triplet. The SO" (12) and E6(2) structures intersect on anSU(6) structure
if ! and K a satisfy the compatibility condition

! K a|56 = 0 , (3.20)

where we have to apply the projection on the56 on the product56! 133. This condition
is automatically satisÞed for the structures (3.7) built up as spinor bilinears.[MGforM:
yes? I get this is true only if spinors are orthogonalized] This is summarized in
the following Þgure

12

     carry all information about metric, B-Þeld and C-Þeld on manifold

3.2 Dressing the structures by gauge Þelds

In an analogous way as for the pure spinors, the structures! and K a in the previous
section can be dressed by the action of the gauge ÞeldsB, ÷B and C! in (2.21), i.e. we
deÞne

! D = eCe
÷B e! B ! , K aD = eCe

÷B e! B K a (3.16)

where ! and K a are given in (3.7), and theO(6, 6) ! SL(2, R) and SL(8, R) expressions
of C, ÷B, B are given respectively in (2.21) and (2.27).

! D = eCeB 6 eB !

K aD = eCeB 6 eB K a

! D , K aD

In the GCG case, the B-Þeld twisted pure spinors span the orbitO(6,6)
SU(3,3) ! R+ , where

SU(3, 3) is the stabilizer of the pure spinor and theR+ factor corresponds to the norm.
Quotenting by the C" action ΦD " cΦD , we get the spaceO(6, 6)/U (3, 3) which is local
Special K¬ahler. Similarly, our EGG structures! D and K aD span orbits in E7 which
are respectively Special K¬ahler and quaternionic. As shown in [12], the structure! D is
stabilized by E6(2) , and the corresponding local Special K¬ahler space isE7

E6(2)
! U(1). As

for the pure spinors, the K¬ahler potential on this space can be constructed using the
analogous of the Hitchin function, namely the square root of the quartic invariant inE7

[12]. The Hitchin functional gives a Hamiltonian vector Þeldö! , that allows to deÞne a
holomorphic element in the56

L = ! + i ö! (3.17)

To make contact with GCG, we note that the complex structure on the56-dimensional
space reduces on the subspacee! B ! and for ÷" I = 0 to the generalized almost complex
structure J + on the vector and spinor spaces, namely

J! á# =
!
(J +

D )A
B #iB , exp(1

8$(J +
D )AB ΓAB ) á#+

"
for ! = (0 , e! B ReΦ+ ) . (3.18)

For this complex structure, the elementL in (3.17) is nothing else than

L = (0 , e! B Φ+ ) . (3.19)

The triplet K aD is stabilized by anSO" (12) subgroup ofE7, and the corresponding
orbit is the quaternionic space E7

SO∗(12)# SU(2) , where theSU(2) factor corresponds to ro-
tations of the triplet. The SO" (12) and E6(2) structures intersect on anSU(6) structure
if ! and K a satisfy the compatibility condition

! K a|56 = 0 , (3.20)

where we have to apply the projection on the56 on the product56! 133. This condition
is automatically satisÞed for the structures (3.7) built up as spinor bilinears.[MGforM:
yes? I get this is true only if spinors are orthogonalized] This is summarized in
the following Þgure

12



8

¥ Nilpotent subgroup of Ggeom: shift symmetries

E7 O(6,6)SL(2,R) x

133 (3,1) + (1,66) + (2,32)

diffeosB-transform

¥ Parabollic subgroup - Ggeom 

2.2 Exceptional Generalized Geometry

Exceptional generalized geometry (EGG) [17, 18] is an extension of theO(6, 6) (T-
duality) covariant formalism of generalized geometry to anE7(7) (U-duality) covariant
one, such that the RR Þelds are incorporated into the geometry.

We saw in the previous section that there is a particularO(6, 6) adjoint action (2.12)
corresponding to shifts of the B-Þeld. In EGG, shifts of the B-Þeld a well as shifts of the
sum of internal RR ÞeldsC! = C1 + C3 + C5

2, which transforms as chiralO(6, 6) spinor,
correspond to particularE7 adjoint actions. To form a set of gauge Þelds that is closed
under U-duality, we also have to consider the shift of the six-form dual ofB2, which we
will call ÷B . 3

Decomposing the adjoint133 representation ofE7(7) under O(6, 6) ! SL(2, R), we
have

133 = ( 3, 1) + ( 1, 66) + ( 2, 32") (2.16)

µ = ( µi
j , µA

B , µi! )

wherei = 1, 2 is a doublet index ofSL(2, R), raised and lowered with! ij, and the O(6, 6)
fundamental indicesA, B = 1, ..., 12 are raised and lowered with the metric" in (2.1).
The B-transform action (2.12) is part ofµA

B, while the C-transformations are naturally
embedded in one of the two32" representations. Let us callvi the SL(2, R) vector pointing
in the direction of the C-Þeld, which we can take without loss of generality to be

vi = (1 , 0) . (2.17)

The GL(6) assignments of the di! erent components shown in Appendix C, indicate that
the shift symmetries are given by the following sum of generators

!
÷Bv ivj,

!
0 0

" B 0

"
, viC!

"
# A (2.18)

#
B6 vivj,

!
0 0
B 0

"
, viC!

$
(2.19)

#
B6 vivj,

!
A 0
B " AT

"
, viC!

$
(2.20)

!
A 0
B " AT

"
(2.21)

S = B6 + ie! 2!

where vi = ! ijvj. Using (A.4) it is not hard to show that given this embedding we
recover the right commutation relations

%
" B + ÷B + C! , " B " + ÷B " + C!"

&
= 2$C! , C!" % " B & C!" + B " & C! , (2.22)

2In this paper we will concentrate on type IIA, but most of the statements can be easily changed to
type IIB by switching chiralities.

3Equivalently these are shifts of the dual axionBµ! .
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B6-transform C-transform

¥The rest: ÒhiddenÓ symmetries

¥T or S-duals of shift symmetries

As in the generalized geometric case, the geometric subgroup is a semi-direct product

Ggeom = GA ! GL(d), where GA is the nilpotent subgroup corresponding to the shift

symmetriesAp → Ap + ap for the p-form gauge ÞeldsB2, B6 and C+ . The remaining

elements ofE7 play an analogous role to the! -transformation in the O(6, 6) case: they

can locally be gauged away bySU(8) ⊂ E7 transformations that do not change the metric,

dilaton, B and C-Þelds (which together deÞne anSU(8) structure), but in the case where

they are not globally well deÞned, they might carry some topologically non-trivial ßux

that signals a non-geometric background. Besides the bi-vector! 2, the non-geometric

gauge Þelds are a sum of even vectors that we will call" + (which areSL(2, R)-dual to the

RR gauge Þelds), a scalar öc0, and a six-vector! 6 that together with b6 form the triplet of

SL(2, R). The full 133 representation arranges in the following way with respect to the

O(6, 6)× SL(2, R) decomposition

A =

!

"

!

"
a ! 2

b2 −aT

#

$ , b6 vi vj + öc0(vi #j + #i vj ) + ! 6 #i #j , c+ vi + " + #i

#

$ . (3.8)

%

&

!

"
0 B6

0 0

#

$ ,

!

"
A ! 2

B2 A−T

#

$ ,

!

"
C+

0

#

$

'

( (3.9)

A =

%

&

!

"
öC0 B6

! 6 − öC0

#

$ ,

!

"
A ! 2

B2 A−T

#

$ ,

!

"
C+

" +

#

$

'

( (3.10)

3.3 From E7 to O(6, 6)× SL(2, R)

To make contact betweenE7 and Generalized Geometry, we have decomposed the fun-

damental and adjoint representations ofE7 into representations ofO(6, 6) × SL(2, R).

In this decomposition, theO(6, 6) subgroup is the one of Generalized Geometry, whereas

the SL(2, R) factor corresponds to fractional linear transformations of the complex axion-

dilaton which appears in heterotic string compactiÞcations,

SH = B6 + ie−2! vol6 (3.11)

The embedding ofO(6, 6)×SL(2, R) into E7 is, however, not unique. For instance, while

T-duality (in the adjoint of O(6, 6)) acts straightforwardly on eq.(3.8), type IIB S-duality

14

" -transform

Aldazabal, Andres, Camara, M.G. 10 #-transform

For type IIB: another basis of SL(2,R) x O(6,6)
S-duality

(??) we embed the generators of the geometric subgroup ofE7 in the following way [?]

Ageom =

!

"

!

"
a 0

b2 ! aT

#

$ , b6 vi vj , c+vi

#

$ (3.7)

wherec+ = c0 + c2 + c4 + c6 and vi = ! ij vj .

As in the generalized geometric case, the geometric subgroup is a semi-direct product
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%

&

!

"
0 B6

0 0

#

$ ,

!

"
A " 2

B2 A−T

#

$ ,

!

"
C+

0

#

$

'

( (3.9)

A =

%

&

!

"
öC0 B6

" 6 ! öC0

#

$ ,

!

"
A " 2

B2 A−T

#

$ ,

!

"
C+

#+

#

$

'

( (3.10)

A|B =

%

&

!
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öC0 C0
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#

$ ,

!

"
AT #4

C4 ! A−T

#

$ ,

!

"
" 2 + #6 + C2 + B6

#2 + " 6 + B2 + C6

#

$

'

( (3.11)

3.3 From E7 to O(6, 6) $ SL(2, R)

To make contact betweenE7 and Generalized Geometry, we have decomposed the fun-

damental and adjoint representations ofE7 into representations ofO(6, 6) $ SL(2, R).
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Hitchin functional
quartic invt of O(6,6)

Kinetic terms: moduli spaces

deÞnes SU(3,3) # O(6,6)Re! +

! Re! + :
O(6, 6)

SU(3, 3)
! R + special 

KŠhler

=
!

!Re! +
, " AB Re! + "! Re! +

, " AB Re! + "

K =
√

H

= i ! ! + , ø! + "
 = xm !m "  + #m dxm !  "X A ! A "

Clifford action:

Spinor bilinear % Mukai pairing of forms

!   " ∼ 〈! , " 〉 =
!

p

(−1)[p/ 2] ! p ∧ " 6! p

= 4
3J ! J ! J

! ± " e! B ! ± # ! ±
D (2.14)

We will refer to ! as naked pure spinor, while! D will be called dressed pure spinor. The
pair (! +

D , ! !
D ) deÞnes a positive deÞnite metric on the generalized tangent space, which

in turn deÞnes a positive metric and a two-form (theB Þeld) on the six-dimensional
manifold.

In an analogous way as anO(6) spinor deÞnes anSU(3) structure (i.e., it is invariant
under an SU(3) subgroup ofO(6)), a pure O(6, 6) spinor deÞnes anSU(3, 3) $ O(6, 6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the cosetO(6, 6)/SU (3, 3). Furthermore, twoO(6) spinors which are never parallel, deÞne
an SU(2) structure, which is the intersection of the twoSU(3) structures. Similarly, two
pure spinors, whenever they satisfy the following compatibility condition

%! + , " A ! ! &= 0, A = 1, . . . , 12 , (2.15)

deÞne anSU(3)' SU(3) structure. Pure spinors which are tensor poducts ofO(6) spinors
as deÞned in (2.7) are automatically compatible. Note that the existence of spinors gives
a ÒreÞnementÓ of theO(6) ' O(6) $ O(6, 6) structure deÞned by the pair (g, B). This
can be summarized by means of the following picture

O(6, 6)

compatible (! + , ! ! )

!!

Φ+

""

Φ!

##
O(6,6)

SU(3,3)

$$

O(6,6)
SU(3,3)

%%
O(6,6)

SU(3) " SU(3)

This scheme will serve as leading guide for enlarging the analysis in the generalized
exceptional geometrical case.

2.2 Exceptional Generalized Geometry

Exceptional generalized geometry (EGG) [17, 18] is an extension of theO(6, 6) (T-
duality) covariant formalism of generalized geometry to anE7(7) (U-duality) covariant
one, such that the RR Þelds are incorporated into the geometry.

We saw in the previous section that there is a particularO(6, 6) adjoint action (2.12)
corresponding to shifts of the B-Þeld. In EGG, shifts of the B-Þeld a well as shifts of the
sum of internal RR ÞeldsC! = C1 + C3 + C5

2, which transforms as chiralO(6, 6) spinor,
correspond to particularE7 adjoint actions. To form a set of gauge Þelds that is closed
under U-duality, we also have to consider the shift of the six-form dual ofB2, which we
will call ÷B . 3

2In this paper we will concentrate on type IIA, but most of the statements can be easily changed to
type IIB by switching chiralities.

3Equivalently these are shifts of the dual axionBµ! .
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! ! +
D

D

D

D D D D

D D

= i ! ! + , ø! + "

Hitchin 01

where ! 1,2
! are four-dimensional spinors of negative chirality, and" 1,2 are never parallel,

and can be parameterised as6

" 1 =
!

#1
+

÷#1
!

"
, " 2 =

!
÷#2

+
#2

!

"
. (3.2)

!
$1

$2

"
= ! 1

! !
!

#1
+

0

"
+ ! 2

! !
!

0
#2

!

"
+ c.c. (3.3)

!
$1

$2

"
= ! 1

! !
!

#1
+

÷#1
!

"
+ ! 2

! !
!

÷#2
+

#2
!

"
+ c.c. (3.4)

A = 1, ..., 12

A nowhere vanishing spinor" deÞnes anSU(7) " SU(8) structure. The pair (" 1, " 2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø" I " J = %I
J . (3.5)

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

& = $IJ " I " J , K a =
1
2

' aI
J " I ø"J (3.6)

[MG: dilaton?]. These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

& =
#
$IJ " I ! " J " , $IJ " I "

! " J "
"

$
K a =

#
1
2' aI

J " I ! ø"J " , 0, 0
$

. (3.7)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.2), we get

& =

%
" ! + s(" ! ) ! + # s( ÷! + )

# s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

&

(3.8)

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is introduced
in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " #± = ÷#1
+ #2 

± (3.9)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to ÷! 1 = ÷! 2 = 0.
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where ! 1,2
− are four-dimensional spinors of negative chirality, and" 1,2 are never parallel,

and can be parameterised as6

" 1 =
!

#1
+

÷#1
−

"
, " 2 =

!
÷#2

+
#2
−

"
. (3.2)

!
$1

$2

"
= ! 1

− !
!

#1
+

0

"
+ ! 2

− !
!

0
#2
−

"
+ c.c. (3.3)

!
$1

$2

"
= ! 1

− !
!

#1
+

÷#1
−

"
+ ! 2

− !
!

÷#2
+

#2
−

"
+ c.c. (3.4)

A = 1, ..., 12

m = 1, ..., 6

A nowhere vanishing spinor" deÞnes anSU(7) " SU(8) structure. The pair (" 1, " 2)
deÞnes anSU(6) structure. We can use theSU(2)R freedom to orthonormalize the
spinors, i.e require

ø" I " J = %I
J . (3.5)

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

& = $IJ " I " J , K a =
1
2

' aI
J " I ø"J (3.6)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structuresΦ+ and Φ−. They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

& =
#
$IJ " I ! " J " , $IJ " I ∗

! " J ∗
"

$
K a =

#
1
2' aI

J " I ! ø"J " , 0, 0
$

. (3.7)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.2), we get

& =

%
Λ− + s(Λ−) Φ+ # s( ÷Φ+ )

# s( øΦ+ ) + ø÷Φ+ øΛ′− + s( øΛ′−)

&

(3.8)

where ÷Φ+ is deÞned in an analogous way asΦ+ , Eq. (2.7), the operations is introduced
in (2.10), and we have deÞned

Λ± = #1
+ ÷#2 

± , Λ′± = ÷#1
+ #2 

± (3.9)

6The notation is chosen so that the standard ansatz for the ten-dimensional spinors used in [11]
corresponds to !̃ 1 = !̃ 2 = 0.
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Φ± = ! 1
+ ! 2 

±

= 4
3J ! J ! J

dΦD = d(eB Φ) = eB (d + H! )Φ

"Φ+
D , dΦ!

D #=

"Φ+ , (d + H! )Φ! #

(Φ+
D , Φ!

D )

dΦ+
D = 0

dΦ!
D = i $ F

! 1 = ! 2

Φ± % e! B Φ± & Φ±
D (2.14)

We will refer to Φ as naked pure spinor, whileΦD will be called dressed pure spinor. The
pair (Φ+

D , Φ!
D ) deÞnes a positive deÞnite metric on the generalized tangent space, which

in turn deÞnes a positive metric and a two-form (theB Þeld) on the six-dimensional
manifold.

In an analogous way as anO(6) spinor deÞnes anSU (3) structure (i.e., it is invariant
under an SU (3) subgroup ofO(6)), a pure O(6, 6) spinor deÞnes anSU (3, 3) ' O(6, 6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the cosetO(6, 6)/SU (3, 3). Furthermore, twoO(6) spinors which are never parallel, deÞne
an SU (2) structure, which is the intersection of the twoSU (3) structures. Similarly, two
pure spinors, whenever they satisfy the following compatibility condition

"Φ+ , ΓAΦ! #= 0 , A = 1 , . . . , 12 , (2.15)

deÞne anSU (3)( SU (3) structure. Pure spinors which are tensor poducts ofO(6) spinors
as deÞned in (2.7) are automatically compatible. Note that the existence of spinors gives
a ÒreÞnementÓ of theO(6) ( O(6) ' O(6, 6) structure deÞned by the pair (g,B). This
can be summarized by means of the following picture

O(6, 6)

compatible (Φ+ , Φ! )

!!

! +

""

! !

##
O(6,6)

SU(3,3)

$$

O(6,6)
SU(3,3)

%%
O(6,6)

SU(3) " SU(3)

This scheme will serve as leading guide for enlarging the analysis in the generalized
exceptional geometrical case.
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3.2 Dressing the structures by gauge Þelds

In an analogous way as for the pure spinors, the structures! and K a in the previous
section can be dressed by the action of the gauge ÞeldsB, ÷B and C! in (2.21), i.e. we
deÞne

! D = eCeB̃ e! B ! , K aD = eCeB̃ e! B K a (3.16)

where ! and K a are given in (3.7), and theO(6, 6) ! SL(2, R) and SL(8, R) expressions
of C, ÷B, B are given respectively in (2.21) and (2.27).

! D = eCeB 6 eB !

K aD = eCeB 6 eB K a

! D , K aD(
! D = eB !

)

In the GCG case, the B-Þeld twisted pure spinors span the orbitO(6,6)
SU(3,3) ! R+, where

SU(3, 3) is the stabilizer of the pure spinor and theR+ factor corresponds to the norm.
Quotenting by the C" action ! D " c! D , we get the spaceO(6, 6)/U (3, 3) which is local
Special K¬ahler. Similarly, our EGG structures! D and K aD span orbits in E7 which
are respectively Special K¬ahler and quaternionic. As shown in [12], the structure! D is
stabilized by E6(2), and the corresponding local Special K¬ahler space isE7

E6(2)
! U(1). As

for the pure spinors, the K¬ahler potential on this space can be constructed using the
analogous of the Hitchin function, namely the square root of the quartic invariant inE7

[12]. The Hitchin functional gives a Hamiltonian vector Þeldö! , that allows to deÞne a
holomorphic element in the56

L = ! + i ö! (3.17)

To make contact with GCG, we note that the complex structure on the56-dimensional
space reduces on the subspacee! B ! and for ÷" I = 0 to the generalized almost complex
structure J + on the vector and spinor spaces, namely

J! á# =
(
(J +

D )A
B #iB , exp(1

8$(J +
D )AB" AB) á#+

)
for ! = (0 , e! B Re! +) . (3.18)

For this complex structure, the elementL in (3.17) is nothing else than

L = (0 , e! B ! +) . (3.19)

The triplet K aD is stabilized by anSO" (12) subgroup ofE7, and the corresponding
orbit is the quaternionic space E7

SO∗(12)# SU(2) , where theSU(2) factor corresponds to ro-
tations of the triplet. The SO" (12) and E6(2) structures intersect on anSU(6) structure
if ! and K a satisfy the compatibility condition

! K a|56 = 0 , (3.20)

where we have to apply the projection on the56 on the product56! 133. This condition
is automatically satisÞed for the structures (3.7) built up as spinor bilinears.[MGforM:
yes? I get this is true only if spinors are orthogonalized] This is summarized in
the following Þgure
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Hitchin functional
quartic invt of O(6,6)

deÞnes SU(3,3) # O(6,6)Re! +

! Re! + :
O(6, 6)

SU(3, 3)
! R + special 

KŠhler

=
!

!Re! +
, " AB Re! + "! Re! +

, " AB Re! + "

! deÞnes E6  # E7

!" :

E7

E6
! R + special 

KŠhler

K =
!

qK =
√

H quartic invt of E7

=
!

!Re! + , " AB Re! + "! Re! + , " AB Re! + "

= i ! ! + , ø! + " = i〈! + , ø! + 〉

Ceccotti 89
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where I = 1 , 2 is a fundamentalSU (2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU (2)R

singlet and triplet combinations

! = "IJ #I #J , Ka =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU (8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ #I α#J β, "IJ #I "

α #J "
β

"
Ka =

!
1
2$aI

J #I αø#J β, 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

#I

Ka = 1
2e

! φ$aI
J #I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = %1
+ ÷%2 

± , " #± = ÷%1
+ %2 

± (3.12)

(" + is deÞned for later use). For the particularSU (6) structure corresponding to ÷%1 =
÷%2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU (6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) " SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
contain the bilinear one and Þve- forms between%I and ÷%J . The full expression for! in
SL(2, R) " GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK± = K1 ± iK2

K+ =
%

" + ! !

ø÷! ! ø" #+

&
, K! =

%
s( ø" + ) ! s( ÷! ! )

! s( ø! ! ) s( ø" #+ )

&
, (3.13)
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stabilizer

where I = 1 , 2 is a fundamentalSU (2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU (2)R

singlet and triplet combinations

! = "IJ #I #J , Ka =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?]. These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU (8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ #I ! #J " , "IJ #I "

! #J "
"

"
Ka =

!
1
2$aI

J #I ! ø#J " , 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

%!

%Ka

& =
'

tr(K+ K! ) =
'

e! 2#"! ! , ø! ! #

= e! #e
1
2 K !

#I

Ka = 1
2e

! #$aI
J #I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+ ÷' 2 

± , " #± = ÷' 1
+ ' 2 

± (3.12)

(" + is deÞned for later use). For the particularSU (6) structure corresponding to ÷' 1 =
÷' 2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU (6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2,12) of O(6, 6) $ SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which

10
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O(6, 6)
SU(3, 3) ! U(1)

local special KŠhler quaternionic

+ compensator

hyperKŠhler

orbit of 
Ka triplet of complex structures
SU(2)R rotates among them

Kobak, Swann 00

Rocek, Vafa, Vandoren 06

+ C

E7

SO(12) ! SU(2)

E7

SO(12)
! R

+

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

! = "IJ #I #J , K a =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ #I ! #J " , "IJ #I "

! #J "
"

"
K a =

!
1
2$aI

J #I ! ø#J " , 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! +)

! s( ø! +) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

%!

%K a

#I

K a = 1
2e! #$aI

J #I ø#J

where ÷! + is deÞned in an analogous way as! +, Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = &1
+÷&2 

± , " #± = ÷&1
+&2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷&1 =
÷&2 = 0, the bispinor ! is given purely in terms of! +. In a genericSU(6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) " SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
contain the bilinear one and Þve- forms between&I and ÷&J . The full expression for! in
SL(2, R) " GL(6, R) indices is given in Appendix D.
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where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

! = "IJ #I #J , K a =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ #I α#J β, "IJ #I "

α #J "
β

"
K a =

!
1
2$aI

J #I αø#J β, 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

%!

%K a

& =
'

tr (K + K ! ) =
'

e! 2φ"! ! , ø! ! #

#I

K a = 1
2e! φ$aI

J #I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+ ÷' 2 

± , " #± = ÷' 1
+ ' 2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷' 1 =
÷' 2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU(6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) $ SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
contain the bilinear one and Þve- forms between' I and ÷' J . The full expression for! in
SL(2, R) $ GL(6, R) indices is given in Appendix D.

10

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

λ = εIJθIθJ , K a =
1
2
σaI

JθI øθJ (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

λ =
!
εIJθI! θJ" , εIJθI"

! θJ"
"

"
K a =

!
1
2σaI

JθI! øθJ" , 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

λ =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

λ =
%

0 ! +

ø! + 0

&
(3.10)

λ =
%

0 ! +

ø! + 0

&
(3.11)

δλ

δK a

χ =
'

tr (K + K ! ) =
'

e! 2#"! ! , ø! ! #

= e! #e
1
2 K !

θI

K a = 1
2e! #σaI

JθI øθJ

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = η1
+ ÷η2 

± , " #± = ÷η1
+ η2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷η1 =
÷η2 = 0, the bispinor λ is given purely in terms of! + . In a genericSU(6) structure,
λ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) $ SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
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where I = 1 , 2 is a fundamentalSU (2)R index, and for conventions on the conjugate
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singlet and triplet combinations
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almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU (8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
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! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

%!

%Ka

& =
'

tr(K+ K! ) =
'

e! 2#"! ! , ø! ! #

= e! #e
1
2 K !

#I

Ka = 1
2e

! #$aI
J #I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+ ÷' 2 

± , " #± = ÷' 1
+ ' 2 

± (3.12)

(" + is deÞned for later use). For the particularSU (6) structure corresponding to ÷' 1 =
÷' 2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU (6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2,12) of O(6, 6) $ SL(2, R)) encoded in " ! + s(" ! ) and " #! + s(" #! ) which
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Hypermultiplets: K a = 1
2e−! ! aI

J " I ø"J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2†

± , " ′± = ÷#1
+ #2†

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) ! SL(2, R)) encoded in " − + s(" −) and " ′− + s(" ′−) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) ! GL(6, R) indices is given in Appendix??.

Using (3.2) we get forK ± = K 1 ± iK 2

K + =
!

" + ! −

ø÷! − ø" ′+

"
, K− =

!
s( ø" + ) " s( ÷! −)

" s( ø! −) s( ø" ′+ )

"
, (3.13)

K + = K 1 + iK 2

!
0 ! −

0 0

"
(3.14)

K + =
!

0 ! −

0 0

"
(3.15)

where" + and " ′+ are deÞned in (??), while for K 3 we get

K 3 =

#
! +

1 " ÷! +
2 " −

1 + s(" −
2 )

" s( ø" −
1 ) " ø" −

2
ø÷! +

1 " ø! +
2

$

where we have deÞned

! +
1 = #1

+ #1†
+ , ! +

2 = #2
+ #2†

+ , " −
1 = #1

+ ÷#1†
− , (3.16)

÷! +
1 = ÷#1

+ ÷#1†
+ , ÷! +

2 = ÷#2
+ ÷#2†

+ , " −
2 = #2

+ ÷#2†
− .

We see thatK + contains the two pure spinors! − and ÷! −, which appear as independent
degrees of freedom (unlike! + and ÷! + in $), as well as two even pure spinors" + and
" ′+ which contain the even-form bilinears between#I and ÷#J (note though that the
traceless condition removes one complex degree of freedom which is the 0 and 6-form in
" + + " ′+ ). We give in Appendix ?? the expression forK in SL(2, R) ! GL(6, R) indices.
K 3 contains on the contrary the even-form bilinears of the same spinor, or in other terms
the symplectic structures deÞned by each spinor (see (2.11)), as well as bilinears betwen
#I and ÷#I .
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Potential (gravitino mass matrix)

d 6 of O(6) or 12 of O(6,6)

S: symplectic product in E7 # Sp(56, R)

(2,12) "  56 of E7

d D = [ vid,0]

SAB =
!

! ! + , d! ! " ! ! + , F "
! ! + , F " ! ! + , dø! ! "

"
D D D

DDD

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

! = "IJ#I#J , K a =
1
2

$aI
J#I ø#J (3.7)

[MG: dilaton?]. These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ#Iα#Jβ, "IJ#I"

α #J"
β

"
K a =

!
1
2$aI

J#Iαø#Jβ, 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

IJ

%!

%K a

& =
'

tr (K + K ! ) =
'

e! 2φ"! ! , ø! ! #

= e! φe
1
2K !

#I

K a = 1
2e! φ$aI

J#I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+ ÷' 2 

± , " #± = ÷' 1
+ ' 2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷' 1 =
÷' 2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU(6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
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!
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"
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!
1
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J #I αø#J β, 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + − s( ÷! + )
−s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

IJ

%!

%K a

& =
'

tr (K + K ! ) =
'

e! 2φ〈! ! , ø! ! 〉

= e! φe
1
2 K !

= $a
IJ Pa

#I

K a = 1
2e! φ$aI

J #I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+ ÷' 2 

± , " #± = ÷' 1
+ ' 2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷' 1 =
÷' 2 = 0, the bispinor ! is given purely in terms of! + . In a genericSU(6) structure,
! combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
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where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

! = "IJ #I #J , K a =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structuresΦ+ and Φ−. They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
(
"IJ #I ! #J " , "IJ #I ∗

! #J ∗
"

)
K a =

(
1
2$aI

J #I ! ø#J " , 0, 0
)

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

(
Λ− + s(Λ−) Φ+ − s( ÷Φ+ )
−s( øΦ+ ) + ø÷Φ+ øΛ′− + s( øΛ′−)

)
(3.9)

! =
(

0 Φ+

øΦ+ 0

)
(3.10)

! =
(

0 Φ+

øΦ+ 0

)
(3.11)

IJ

%!

%K a

& =
√

tr (K + K −) =
√

e−2#〈Φ−, øΦ−〉

= e−#e
1
2 K !

= $a
IJ Pa

SIJ =?

#I

K a = 1
2e−#$aI

J #I ø#J

where ÷Φ+ is deÞned in an analogous way asΦ+ , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

Λ± = ' 1
+ ÷' 2 

± , Λ′± = ÷' 1
+ ' 2 

± (3.12)

(Λ+ is deÞned for later use). For the particularSU(6) structure corresponding to ÷' 1 =
÷' 2 = 0, the bispinor ! is given purely in terms ofΦ+ . In a genericSU(6) structure,

10

where I = 1 , 2 is a fundamentalSU (2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU (2)R

singlet and triplet combinations

! = "IJ #I #J , Ka =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU (8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
(
"IJ #I ! #J " , "IJ #I "

! #J "
"

)
Ka =

(
1
2$aI

J #I ! ø#J " , 0, 0
)

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

(
" ! + s(" ! ) ! + ! s( ÷! +)

! s( ø! +) + ø÷! + ø" #! + s( ø" #! )

)
(3.9)

! =
(

0 ! +

ø! + 0

)
(3.10)

! =
(

0 ! +

ø! + 0

)
(3.11)

IJ

%!

%Ka

& =
√

tr(K+K! ) =
√

e! 2#"! ! , ø! ! #

= e! #e
1
2 K !

= $a
IJ P a

SIJ =?

P+ = "! +
D , d! !

D #

#I

Ka = 1
2e

! #$aI
J #I ø#J

where ÷! + is deÞned in an analogous way as! +, Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+÷' 2 

± , " #± = ÷' 1
+' 2 

± (3.12)
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where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

! = "IJ #I #J , K a =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! −. They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
(
"IJ #I α#J β, "IJ #I ∗

α #J ∗
β

)
K a =

(
1
2$aI

J #I αø#J β, 0, 0
)

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

(
" − + s(" −) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" ′− + s( ø" ′−)

)
(3.9)

! =
(

0 ! +

ø! + 0

)
(3.10)

! =
(

0 ! +

ø! + 0

)
(3.11)

IJ

%!

%K a

& =
√

tr (K + K −) =
√

e−2φ"! −, ø! −#

= e−φe
1
2 K !

= $a
IJ Pa

SIJ =?

P+ = "! +
D , d! −

D #

P3 = "! +
D , F #

#I

K a = 1
2e−φ$aI

J #I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+ ÷' 2†

± , " ′± = ÷' 1
+ ' 2†

± (3.12)
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= 4
3J ! J ! J

d! D = d(eB ! ) = eB (d + H ! )!

! ± " e! B ! ± # ! ±
D (2.14)

We will refer to ! as naked pure spinor, while! D will be called dressed pure spinor. The
pair (! +

D , ! !
D ) deÞnes a positive deÞnite metric on the generalized tangent space, which

in turn deÞnes a positive metric and a two-form (theB Þeld) on the six-dimensional
manifold.

In an analogous way as anO(6) spinor deÞnes anSU(3) structure (i.e., it is invariant
under an SU(3) subgroup ofO(6)), a pure O(6, 6) spinor deÞnes anSU(3, 3) $ O(6, 6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the cosetO(6, 6)/SU (3, 3). Furthermore, twoO(6) spinors which are never parallel, deÞne
an SU(2) structure, which is the intersection of the twoSU(3) structures. Similarly, two
pure spinors, whenever they satisfy the following compatibility condition

%! +, " A ! ! &= 0, A = 1, . . . , 12 , (2.15)

deÞne anSU(3)' SU(3) structure. Pure spinors which are tensor poducts ofO(6) spinors
as deÞned in (2.7) are automatically compatible. Note that the existence of spinors gives
a ÒreÞnementÓ of theO(6) ' O(6) $ O(6, 6) structure deÞned by the pair (g, B). This
can be summarized by means of the following picture

O(6, 6)

compatible (! +, ! ! )

!!

! +

""

! −

##
O(6,6)

SU(3,3)

$$

O(6,6)
SU(3,3)

%%
O(6,6)

SU(3)" SU(3)

This scheme will serve as leading guide for enlarging the analysis in the generalized
exceptional geometrical case.

2.2 Exceptional Generalized Geometry

Exceptional generalized geometry (EGG) [17, 18] is an extension of theO(6, 6) (T-
duality) covariant formalism of generalized geometry to anE7(7) (U-duality) covariant
one, such that the RR Þelds are incorporated into the geometry.

We saw in the previous section that there is a particularO(6, 6) adjoint action (2.12)
corresponding to shifts of the B-Þeld. In EGG, shifts of the B-Þeld a well as shifts of the
sum of internal RR ÞeldsC! = C1 + C3 + C5

2, which transforms as chiralO(6, 6) spinor,
correspond to particularE7 adjoint actions. To form a set of gauge Þelds that is closed

2In this paper we will concentrate on type IIA, but most of the statements can be easily changed to
type IIB by switching chiralities.
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H-ßux?

Weyl pure spinors of O(6, 6) can be built by tensoring two O(6) spinors (! 1, ! 2) as follows

! + = ! 1
+ ! 2 

+ , ! − = ! 1
+ ! 2 
− (2.7)

where the plus and minus refers to chirality. Using Fierz identites, these can be expanded
as

! 1
± ! 2 

± =
1

8

6!

k=0

1

k!
(! 2 

± " mk...i 1 ! 1
± )" i 1 ...m k . (2.8)

Using the isomorphism between the spinor bundle and the bundle of di" erential forms
(often referred to as Cli" ord map):

Am1...m k
" m1...m k !" Am1...m k

dxm1 # á á á# dxmk (2.9)

the spinor bilinears (??) can be mapped to a sum of forms. Under this ismorphism, the
inner product of spinors ! # is mapped to the following action on forms, called the Mukai
pairing

$! , #%= (! # s(#))6, where s(#) = (&)Int[ n/ 2]# (2.10)

and the subindex 6 means the six-form part of the wedge product.

For Weyl spinors, the corresponding forms are only even (odd) for a positive (negative)
chirality O(6, 6) spinor. In the special case where ! 1 = ! 2 ' ! , familiar from the case of
Calabi-Yau compactifications, we get

! + = e−iJ , ! − = &i# (2.11)

where J, # are respectively the symplectic and complex structures of the manifold (more
details are given in section ??).

Pure spinors can be “rotated” by means of O(6, 6) transformations. Of particular
interest is the nilpotent subgroup of O(6, 6) defined by the generator

B =

"
0 0
B 0

#
, (2.12)

with B an antisymmetric 6( 6 matrix, or equivalently a two-form. On spinors it amounts
to the exponential action

! ± " eB ! ± ' ! ±
D (2.13)

! ±

! ±
D

= 4
3J # J # J

d! D = d(eB ! ) = eB (d + H #)!

$! +
D , d! −D %=

$! + , (d + H #)! −%

! ± " e−B ! ± ' ! ±
D (2.14)

We will refer to ! as naked pure spinor, while ! D will be called dressed pure spinor. The
pair (! +

D , ! −D ) defines a positive definite metric on the generalized tangent space, which
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B =
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with B an antisymmetric 6( 6 matrix, or equivalently a two-form. On spinors it amounts
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= 4
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We will refer to ! as naked pure spinor, while! D will be called dressed pure spinor. The
pair (! +

D , ! !
D ) deÞnes a positive deÞnite metric on the generalized tangent space, which
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where we have deÞned

Φ+
1 = ! 1

+ ! 1†
+ , Φ+

2 = ! 2
+ ! 2†

+ , Λ!
1 = ! 1

+ ÷! 1†
! , (3.16)

÷Φ+
1 = ÷! 1

+ ÷! 1†
+ , ÷Φ+

2 = ÷! 2
+ ÷! 2†

+ , Λ!
2 = ! 2

+ ÷! 2†
! .

We see thatK + contains the two pure spinorsΦ! and ÷Φ! , which appear as independent
degrees of freedom (unlikeΦ+ and ÷Φ+ in " ), as well as two even pure spinorsΛ+ and
Λ"+ which contain the even-form bilinears between! I and ÷! J (note though that the
traceless condition removes one complex degree of freedom which is the 0 and 6-form in
Λ+ + Λ"+ ). We give in Appendix D the expression forK in SL(2, R) ×GL(6, R) indices.
K 3 contains on the contrary the even-form bilinears of the same spinor, or in other terms
the symplectic structures deÞned by each spinor (see (2.11)), as well as bilinears betwen
! I and ÷! I .

3.2 Dressing the structures by gauge Þelds

In an analogous way as for the pure spinors, the structures" and K a in the previous
section can be dressed by the action of the gauge ÞeldsB, ÷B and C! in (2.21), i.e. we
deÞne

" D = eCe
÷B e! B " , K aD = eCe

÷B e! B K a (3.17)

where" and K a are given in (3.7), and theO(6, 6)× SL(2, R) and SL(8, R) expressions
of C, ÷B, B are given respectively in (2.21) and (2.27).

" D = eCeB6eB "

K aD = eCeB6eB K a

Pa = S(" D , DK aD )

" D , K aD

" , K a
!
ΦD = eB Φ

"

In the GCG case, the B-Þeld twisted pure spinors span the orbitO(6,6)
SU(3,3) ×R+ , where

SU(3, 3) is the stabilizer of the pure spinor and theR+ factor corresponds to the norm.
Quotenting by the C# action ΦD → cΦD , we get the spaceO(6, 6)/U (3, 3) which is local
Special K¬ahler. Similarly, our EGG structures" D and K aD span orbits in E7 which
are respectively Special K¬ahler and quaternionic. As shown in [12], the structure" D is
stabilized by E6(2) , and the corresponding local Special K¬ahler space isE7

E6(2)
× U(1). As

for the pure spinors, the K¬ahler potential on this space can be constructed using the
analogous of the Hitchin function, namely the square root of the quartic invariant inE7

[12]. The Hitchin functional gives a Hamiltonian vector Þeldö" , that allows to deÞne a
holomorphic element in the56

L = " + i ö" (3.18)

To make contact with GCG, we note that the complex structure on the56-dimensional
space reduces on the subspacee! B " and for ÷! I = 0 to the generalized almost complex
structure J + on the vector and spinor spaces, namely

J! · # =
!
(J +

D )A
B #iB , exp(1

8$(J +
D )AB ΓAB ) · #+

"
for " = (0 , e! B ReΦ+ ) . (3.19)

12

56 (2,12) + (1,32) 

E7 O(6,6)SL(2,R) x



Vacua

= 4
3J ∧ J ∧ J

d! D = d(eB ! ) = eB (d + H∧)!

〈! +
D , d! !

D 〉 =

〈! + , (d + H∧)! ! 〉
d! +

D = 0

! ± → e! B ! ± ≡ ! ±
D (2.14)

We will refer to ! as naked pure spinor, while! D will be called dressed pure spinor. The
pair (! +

D , ! !
D ) deÞnes a positive deÞnite metric on the generalized tangent space, which

in turn deÞnes a positive metric and a two-form (theB Þeld) on the six-dimensional
manifold.

In an analogous way as anO(6) spinor deÞnes anSU(3) structure (i.e., it is invariant
under an SU(3) subgroup ofO(6)), a pure O(6, 6) spinor deÞnes anSU(3, 3) ⊂ O(6, 6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the cosetO(6, 6)/SU (3, 3). Furthermore, twoO(6) spinors which are never parallel, deÞne
an SU(2) structure, which is the intersection of the twoSU(3) structures. Similarly, two
pure spinors, whenever they satisfy the following compatibility condition

〈! + , " A ! ! 〉 = 0, A = 1, . . . , 12 , (2.15)

deÞne anSU(3)×SU(3) structure. Pure spinors which are tensor poducts ofO(6) spinors
as deÞned in (2.7) are automatically compatible. Note that the existence of spinors gives
a ÒreÞnementÓ of theO(6) × O(6) ⊂ O(6, 6) structure deÞned by the pair (g, B). This
can be summarized by means of the following picture

O(6, 6)

compatible (! + , ! ! )

!!

! +

""

! !

##
O(6,6)

SU(3,3)

$$

O(6,6)
SU(3,3)

%%
O(6,6)

SU(3) " SU(3)

This scheme will serve as leading guide for enlarging the analysis in the generalized
exceptional geometrical case.

2.2 Exceptional Generalized Geometry

Exceptional generalized geometry (EGG) [17, 18] is an extension of theO(6, 6) (T-
duality) covariant formalism of generalized geometry to anE7(7) (U-duality) covariant
one, such that the RR Þelds are incorporated into the geometry.

We saw in the previous section that there is a particularO(6, 6) adjoint action (2.12)
corresponding to shifts of the B-Þeld. In EGG, shifts of the B-Þeld a well as shifts of the

6

= 4
3J ! J ! J

d! D = d(eB ! ) = eB (d + H ! )!

"! +
D , d! !

D #=

"! + , (d + H ! )! ! #

d! +
D = 0

d! !
D = i $ F

! ± % e! B ! ± & ! ±
D (2.14)

We will refer to ! as naked pure spinor, while ! D will be called dressed pure spinor. The
pair (! +

D , ! !
D ) defines a positive definite metric on the generalized tangent space, which

in turn defines a positive metric and a two-form (the B field) on the six-dimensional
manifold.

In an analogous way as an O(6) spinor defines an SU(3) structure (i.e., it is invariant
under an SU(3) subgroup of O(6)), a pure O(6, 6) spinor defines an SU(3, 3) ' O(6, 6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the coset O(6, 6)/SU (3, 3). Furthermore, two O(6) spinors which are never parallel, define
an SU(2) structure, which is the intersection of the two SU(3) structures. Similarly, two
pure spinors, whenever they satisfy the following compatibility condition

"! + , " A ! ! #= 0, A = 1, . . . ,12 , (2.15)

define an SU(3)( SU(3) structure. Pure spinors which are tensor poducts of O(6) spinors
as defined in (2.7) are automatically compatible. Note that the existence of spinors gives
a “refinement” of the O(6) ( O(6) ' O(6, 6) structure defined by the pair (g, B). This
can be summarized by means of the following picture

O(6, 6)

compatible (! + , ! ! )

!!

! +

""

! !

##
O(6,6)

SU(3,3)

$$

O(6,6)
SU(3,3)

%%
O(6,6)

SU(3) " SU(3)

This scheme will serve as leading guide for enlarging the analysis in the generalized
exceptional geometrical case.

2.2 Exceptional Generalized Geometry

Exceptional generalized geometry (EGG) [17, 18] is an extension of the O(6, 6) (T-
duality) covariant formalism of generalized geometry to an E7(7) (U-duality) covariant
one, such that the RR fields are incorporated into the geometry.

We saw in the previous section that there is a particular O(6, 6) adjoint action (2.12)
corresponding to shifts of the B-field. In EGG, shifts of the B-field a well as shifts of the
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P+ = ! ! +
D , d! !

D "

P3 = ! ! +
D , F "

! I

K a = e! ! " aI
J ! I ø! J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " "± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2

K + =
(

" + ! !

ø÷! ! ø" "+

)
, K ! =

(
s( ø" + ) $ s( ÷! ! )

$ s( ø! ! ) s( ø" "+ )

)
, (3.13)

K + = K 1 + iK 2

(
0 ! !

0 0

)
(3.14)

K + =
(

0 ! !

0 0

)
(3.15)

D$D |133 = 0

D(r aK aD )|56 = 0

D$|133 = 0

D(r aK a)|56 = 0

DK a|56 = 0

D(%aK a)|56|1,0 = 0

DK a|56

D(eCeB 6 eB ¥)

|912

e! B e! B 6 e! CDeCeB 6 eB

% D + ( e! B e! B 6 e! CDeCeB 6 eB )

D = D + F

912

DK a|56|1,0 = 0
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P+ = ! ! +
D , d! −

D "

P3 = ! ! +
D , F "

! I

K a = 1
2e−! " aI

J ! I ø! J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " ′± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " − + s(" −) and " ′− + s(" ′−) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2

K + =
(

" + ! −

ø÷! − ø" ′+

)
, K− =

(
s( ø" + ) $ s( ÷! −)

$ s( ø! −) s( ø" ′+ )

)
, (3.13)

K + = K 1 + iK 2

(
0 ! −

0 0

)
(3.14)

K + =
(

0 ! −

0 0

)
(3.15)

D$D |133 = 0

D(r aK aD )|56 = 0

D(eCeB 6 eB ¥)

where" + and " ′+ are deÞned in (3.12), while forK 3 we get

K 3 =

(
! +

1 $ ÷! +
2 " −

1 + s(" −
2 )

$ s( ø" −
1 ) $ ø" −

2
ø÷! +

1 $ ø! +
2

)

where we have deÞned

! +
1 = #1

+ #1 
+ , ! +

2 = #2
+ #2 

+ , " −
1 = #1

+ ÷#1 
− , (3.16)

÷! +
1 = ÷#1

+ ÷#1 
+ , ÷! +

2 = ÷#2
+ ÷#2 

+ , " −
2 = #2

+ ÷#2 
− .

We see thatK + contains the two pure spinors! − and ÷! −, which appear as independent
degrees of freedom (unlike! + and ÷! + in $), as well as two even pure spinors" + and
" ′+ which contain the even-form bilinears between#I and ÷#J (note though that the
traceless condition removes one complex degree of freedom which is the 0 and 6-form in
" + + " ′+ ). We give in Appendix D the expression forK in SL(2, R) # GL(6, R) indices.
K 3 contains on the contrary the even-form bilinears of the same spinor, or in other terms
the symplectic structures deÞned by each spinor (see (2.11)), as well as bilinears betwen
#I and ÷#I .
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P+ = ! ! +
D , d! !

D "

P3 = ! ! +
D , F "

! I

K a = 1
2e! φ" aI

J ! I ø! J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " "± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2

K + =
!

" + ! !

ø÷! ! ø" "+

"
, K ! =

!
s( ø" + ) $ s( ÷! ! )

$ s( ø! ! ) s( ø" "+ )

"
, (3.13)

K + = K 1 + iK 2

!
0 ! !

0 0

"
(3.14)

K + =
!

0 ! !

0 0

"
(3.15)

D$D |133 = 0

D(r aK aD )|56 = 0

D(eCeB 6 eB •)

%

e! B e! B 6 e! CDeCeB 6 eB

% D + ( e! B e! B 6 e! CDeCeB 6 eB )

where" + and " "+ are deÞned in (3.12), while forK 3 we get

K 3 =

#
! +

1 $ ÷! +
2 " !

1 + s(" !
2 )

$ s( ø" !
1 ) $ ø" !

2
ø÷! +

1 $ ø! +
2

$

where we have deÞned

! +
1 = #1

+ #1 
+ , ! +

2 = #2
+ #2 

+ , " !
1 = #1

+ ÷#1 
! , (3.16)

÷! +
1 = ÷#1

+ ÷#1 
+ , ÷! +

2 = ÷#2
+ ÷#2 

+ , " !
2 = #2

+ ÷#2 
! .
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P+ = ! ! +
D , d! !

D "

P3 = ! ! +
D , F "

θI

K a = 1
2e! ! σaI

J θI øθJ

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = η1
+ ÷η2 

± , " "± = ÷η1
+ η2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷η1 =
÷η2 = 0, the bispinor λ is given purely in terms of! + . In a genericSU(6) structure,
λ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms betweenηI and ÷ηJ . The full expression forλ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2

K + =
!

" + ! !

ø÷! ! ø" "+

"
, K ! =

!
s( ø" + ) $ s( ÷! ! )

$ s( ø! ! ) s( ø" "+ )

"
, (3.13)

K + = K 1 + iK 2

!
0 ! !

0 0

"
(3.14)

K + =
!

0 ! !

0 0

"
(3.15)

DλD |133 = 0

D(r aK aD )|56 = 0

D(eCeB 6 eB ¥)

%

e! B e! B 6 e! CDeCeB 6 eB

% D + ( e! B e! B 6 e! CDeCeB 6 eB )

where" + and " "+ are deÞned in (3.12), while forK 3 we get

K 3 =

#
! +

1 $ ÷! +
2 " !

1 + s(" !
2 )

$ s( ø" !
1 ) $ ø" !

2
ø÷! +

1 $ ø! +
2

$

where we have deÞned

! +
1 = η1

+ η1 
+ , ! +

2 = η2
+ η2 

+ , " !
1 = η1

+ ÷η1 
! , (3.16)

÷! +
1 = ÷η1

+ ÷η1 
+ , ÷! +

2 = ÷η2
+ ÷η2 

+ , " !
2 = η2

+ ÷η2 
! .
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P+ = ! ! +
D, d! −

D"

P3 = ! ! +
D, F "

! I

K a = 1
2e−! " aI

J ! I ø! J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " ′± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2,12) of O(6, 6) # SL(2, R)) encoded in " − + s(" −) and " ′− + s(" ′−) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2

K + =
!

" + ! −

ø÷! − ø" ′+

"
, K− =

!
s( ø" + ) $ s( ÷! −)

$ s( ø! −) s( ø" ′+ )

"
, (3.13)

K + = K 1 + iK 2

!
0 ! −

0 0

"
(3.14)

K + =
!

0 ! −

0 0

"
(3.15)

D$D|133 = 0

D(r aK aD)|56 = 0

D(eCeB6 eB ¥)

|912

e−Be−B6 e−CDeCeB6 eB

% D + ( e−Be−B6 e−CDeCeB6 eB)

where" + and " ′+ are deÞned in (3.12), while forK 3 we get

K 3 =

#
! +

1 $ ÷! +
2 " −

1 + s(" −
2 )

$ s( ø" −
1 ) $ ø" −

2
ø÷! +

1 $ ø! +
2

$

where we have deÞned

! +
1 = #1

+ #1 
+ , ! +

2 = #2
+ #2 

+ , " −
1 = #1

+ ÷#1 
− , (3.16)

÷! +
1 = ÷#1

+ ÷#1 
+ , ÷! +

2 = ÷#2
+ ÷#2 

+ , " −
2 = #2

+ ÷#2 
− .
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P+ = ! ! +
D, d! −

D"

P3 = ! ! +
D, F "

! I

K a = 1
2e−! " aI

J ! I ø! J

where ÷! + is deÞned in an analogous way as! +, Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+÷#2 

± , " ′± = ÷#1
+#2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! +. In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " − + s(" −) and " ′− + s(" ′−) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK ± = K 1 ± iK 2
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(3.14)
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"
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where" + and " ′+ are deÞned in (3.12), while forK 3 we get
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " "± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU (6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU (6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.

Using (3.5) we get forK± = K1 ± iK2
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, K! =
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)
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned
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+ ÷#2 

± , " "± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
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± , " "± = ÷#1
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± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned
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(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned
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(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷η1 =
÷η2 = 0, the bispinor λ is given purely in terms of! + . In a genericSU(6) structure,
λ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2,12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms betweenηI and ÷ηJ . The full expression forλ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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along U(1)R # SU(2)R

complex vector & U(1)R # SU(2)R

holomorphic in 56

Expected: 
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " "± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+ ÷#2 

± , " "± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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where ÷! + is deÞned in an analogous way as! +, Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
+÷#2 

± , " "± = ÷#1
+#2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! +. In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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= 4
3J ∧ J ∧ J

d! D = d(eB ! ) = eB (d + H∧)!

〈! +
D , d! !

D 〉 =

〈! + , (d + H∧)! ! 〉
d! +

D = 0

! ± → e! B ! ± ≡ ! ±
D (2.14)

We will refer to ! as naked pure spinor, while! D will be called dressed pure spinor. The
pair (! +

D , ! !
D ) deÞnes a positive deÞnite metric on the generalized tangent space, which

in turn deÞnes a positive metric and a two-form (theB Þeld) on the six-dimensional
manifold.

In an analogous way as anO(6) spinor deÞnes anSU(3) structure (i.e., it is invariant
under an SU(3) subgroup ofO(6)), a pure O(6, 6) spinor deÞnes anSU(3, 3) ⊂ O(6, 6)
structure. Its 32 degrees of freedom minus one corresponding to the norm parameterize
the cosetO(6, 6)/SU (3, 3). Furthermore, twoO(6) spinors which are never parallel, deÞne
an SU(2) structure, which is the intersection of the twoSU(3) structures. Similarly, two
pure spinors, whenever they satisfy the following compatibility condition

〈! + , " A ! ! 〉 = 0, A = 1, . . . , 12 , (2.15)

deÞne anSU(3)×SU(3) structure. Pure spinors which are tensor poducts ofO(6) spinors
as deÞned in (2.7) are automatically compatible. Note that the existence of spinors gives
a ÒreÞnementÓ of theO(6) × O(6) ⊂ O(6, 6) structure deÞned by the pair (g, B). This
can be summarized by means of the following picture

O(6, 6)

compatible (! + , ! ! )

!!

! +

""

! !

##
O(6,6)

SU(3,3)

$$

O(6,6)
SU(3,3)

%%
O(6,6)

SU(3) " SU(3)

This scheme will serve as leading guide for enlarging the analysis in the generalized
exceptional geometrical case.

2.2 Exceptional Generalized Geometry

Exceptional generalized geometry (EGG) [17, 18] is an extension of theO(6, 6) (T-
duality) covariant formalism of generalized geometry to anE7(7) (U-duality) covariant
one, such that the RR Þelds are incorporated into the geometry.

We saw in the previous section that there is a particularO(6, 6) adjoint action (2.12)
corresponding to shifts of the B-Þeld. In EGG, shifts of the B-Þeld a well as shifts of the
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! I
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where !̃ + is defined in an analogous way as ! + , Eq. (2.7), the operation s is intro-
duced in (2.10), and we have defined

" ± = #1
+ #̃2 

± , " "± = #̃1
+ #2 

± (3.12)

(" + is defined for later use). For the particular SU(6) structure corresponding to #̃1 =
#̃2 = 0, the bispinor $ is given purely in terms of ! + . In a generic SU(6) structure,
$ combines two even pure spinors ! + and !̃ + and is therefore a natural candidate to
describe N = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) # SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and five- forms between #I and #̃J . The full expression for $ in
SL(2, R) # GL(6, R) indices is given in Appendix D.
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where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = #1
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± , " "± = ÷#1
+ #2 

± (3.12)

(" + is deÞned for later use). For the particularSU(6) structure corresponding to ÷#1 =
÷#2 = 0, the bispinor $ is given purely in terms of! + . In a genericSU(6) structure,
$ combines two even pure spinors! + and ÷! + and is therefore a natural candidate to
describeN = 2 vacua. Furthermore, it contains 24 extra degrees of freedom (building
up the (2, 12) of O(6, 6) $ SL(2, R)) encoded in " ! + s(" ! ) and " "! + s(" "! ) which
contain the bilinear one and Þve- forms between#I and ÷#J . The full expression for$ in
SL(2, R) $ GL(6, R) indices is given in Appendix D.
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Conclusions

 E7 description of N=2 backgrounds

¥Relevant structures containing all dof: ' , Ka

¥Special KŠhler and quaternionic moduli spaces:  orbits of ' , Ka

- KŠhler and hyperKŠhler potentials : invariants of E7 specialized to orbits ' , Ka

¥Gravitino mass matrix (or Killing prepotentials)

¥N=1 vacua :  ' , KÕ3 integrable  structures 

T-duality
 SO(d,d) ?Exceptional generalized geometry is taylor-made 

for a systematic description of sugra backgrounds 

U-duality
 

M-theory

λPa = S( Dá, )

where I = 1, 2 is a fundamentalSU(2)R index, and for conventions on the conjugate
spinors, see Appendix B. The two spinors can be combined into the followingSU(2)R

singlet and triplet combinations

! = "IJ #I #J , K a =
1
2

$aI
J #I ø#J (3.7)

[MG: dilaton?] . These are theE7 structures that play the role of the generalized
almost complex structures! + and ! ! . They belong respectively to the28 and 63
representations ofSU(8), which are in turn part of the 56 and 133 representations of
E7. Using the decompositions56 = 28 + 28 and 133 = 63 + 35 + 35 shown in (B.3)
and (B.4), they read

! =
!
"IJ #I ! #J " , "IJ #I "

! #J "
"

"
K a =

!
1
2$aI

J #I ! ø#J " , 0, 0
"

. (3.8)

To make contact with the pure spinors of GCG, we note that using the parameteristion
(3.5), we get

! =

#
" ! + s(" ! ) ! + ! s( ÷! + )

! s( ø! + ) + ø÷! + ø" #! + s( ø" #! )

$

(3.9)

! =
%

0 ! +

ø! + 0

&
(3.10)

! =
%

0 ! +

ø! + 0

&
(3.11)

IJ

%!

%K a

& =
'

tr (K + K ! ) =
'

e! 2#"! ! , ø! ! #

= e! #e
1
2 K −

= $a
IJ Pa

SIJ =?

P+ = "! +
D , d! !

D #

P3 = "! +
D , F #

#I

K a = 1
2e! #$aI

J #I ø#J

where ÷! + is deÞned in an analogous way as! + , Eq. (2.7), the operations is intro-
duced in (2.10), and we have deÞned

" ± = ' 1
+ ÷' 2 

± , " #± = ÷' 1
+ ' 2 

± (3.12)
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¥N=2 vacua :  requires further projections 

What about corrections...??
Non susy solutions?

Moduli spaces of susy solutions?


